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1 .0 INTRODUCTION
This report summarizes the mathematical deveiopments and their computer
program implementation for the Space Shuttle propulsion parameter estimation
project. The estimation approach chosen is the extended Kalman filtering
with a modified Bryson-Frazier smoother. This estimation technique ham
been used on previous aerodynamic coefficient parameter estimation efforts.
Its use here is motivated by the objective of obtaining better estimates
than those available from filtering and to eliminate the lag associated
with filtering.
'The estimation technique uses as the dynamical process the six 3egree
equations-of-motion resulting in twelve state vector elements. In addition
to these are mass and solid propellant burn depth as the "system" state
elements. The "parameter" state elements can include aerodynamic coefficient,
inertia, center-of-gravity, atmospheric wind, etc. deviations from referenced
values. Propulsion parameter state elements have been included not as
options just discussed but as the main parameter states to be estimated.
The mathematical developments have been completed for all these parameters.
Since the systems dynamics and measurement processes are non-linear functions
of the states, the mathematical developments are taken up almost entirely
by the linearization of these equations as required by the estimation
algorithms.
This estimation approach has the objective of using all available
measurements. These measurements include ground based radar tracking,
on-board inert.-.ally stabilized platform accelerometer and attitude data,
SSME pressurants/fuel flow rates and power level, and SRB head pressure.
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The estimation algorithm is implemented to process each of these measure-
ments separately with the assumption that the errors associated with trsse
measurements are uncorrelated.
The computer programs have been developed in a highly modular structure
to facilitate understanding, checkout and, if necessary, modification.
The computer programs reside on NASA's VAX 1 computer system in the HOSC
facility. Approximately eighty separate routines have been developed to
implement this estimation technique. As specified by the ITYPE variable,
the FILTER program can provide three modes of data processing. These
include: ITYPE a 0 to generate synthetic measurement data, ITYPE = 1 to
provide optimal estimates based on the extended Kalman filter algorithm,
and ITYPE > 1 to propagate the state error covariance matrix with no
updating from the measurement process. The SMOOTH program provides esti-
mates of the system and parameter state elements from the filter estimates
provided as input.
Preliminary results indicate that the propulsion parameters strongly
affect the states and associated measurements. The resulting estimates
should be rapidly converged upon by the filter algorithm and accuracy
improved upon by the smoother algorithm. 'Ihese preliminary results will
be discussed later in this report.
This report, Volume I, is organized as the following. In Section 2.0
the filtering and smoothing algorithms aro presented. Section 3.0 contains
the system and parameter state models, their linearization, the measurement
equations, and their linearization with respect to the state elements. The
computer programs are described in Section 4.0 along with some preliminary
results. Appendices A, B and C contain auxiliary partial derivatives
(linearizations) and Appendix D contains the aerodynamic coefficient model16
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and data used as the referenced model in the estimation program.	 Volume
II contains the computer listings of the FILTER and SMOOTH programs With
associated example input and output data listings.
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2.0 FILTERING AND SMOOTHING ALGORITHM
The Space Shuttle Parameter Estimation Program utilizes optimal
estimation techniques to provide estimates of the propulsion system
parameters. The technique selected is the extended Kalman filter and
the modified Bryson-Frazier smoother. By modeling the propulsion system
parameters as time correlated random variables, improved estimates of
these parameters are obtained and are,properly time phased by removing
the filter induced lag by using the combined filter/smoother. The
smoother also provides improved estimates of the initial state estimates.
The system, in state-space notation, is modeled as the continuous
dynamical system disturbed by additive Gaussian white noise
z = f (x(t), t) + G(t) w(t) + u(t), x(o) - x	 (1 )
— —	 —	 —	 —	 --o
where
x = n -dimensional state vector
x - Gaussian initial condition vector with covariance P
-0	 0
w(t) - p-dimensional white, zero-mean white Gaussian noise with
covariance
E[w(t) wT ('t)] = Q(t) 6(t - T)
u(t) = n-dimensional control vector.
The elements of the -rector x(t) represent vehicle position, velocities,
attitudes, angular rates, aerodynamic and propulsion parameters, measure-
ment biases, etc. Elements of u(t) include known control inputs such
as SSME power level commands.
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The system described by equation ( 1) is observed at discrete :times, tk,
with not all states being directly measured. Some measurements are non-
linear functions of the elements of the state yr Aor x(t). In general
the measurement process is described as
zk = h  (x (tk
 ) ) + vk	 (2)
where
zk = m-dimensional observation vector
hk
 = functional representation of the measurements in terms of
the states
vk = m-dimensional, zero-mean, while Gaussian noise sequence with
covariance
E[v. vT]
	
R. b,
1
Examples of the elements of the observation vector zzinclude radar
measurements of range, azimuth, and elevation from the radar site to the
vehicle.
It is assumed that the system process noise vector w(t) and the
measurement noise vector Yk are uncorrelated. Also, the system stateI
initial condition vector x is not correlated with either of these two
-o
noise vectors. Therefore
E[w(t) t^]	 0, E[w(t) xo] = 0, E(x v*] = 0
where the superscript T denotes transpose. For later reference, the
following matricies are defined
a 6
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of ( x (t), t)
F(x(t), t) 
_ 
~ ax (t)
	
(3)
and
8h(x(tk))
H( k (-)) 
_ ' ax(tk )	
(4)
These matrieies are linearizations of the dynamics and measurement models
respectivisly, evaluated about either a nominal or reference value of the
state, or about the state estimate.
2.1 Extended Kalman Filter Algorithm
The extended Kalman filter algorithm is in essence a conventional
linear Kalman filter algorithm applied to a mathematical model resulting
from the linearization of the system model equation (1), and measurement
process, equation (2), about a current state estimate. The filter yields
optimal estimates if the linearization is accurate, i.e., the state esti-
mate closely approximates the true state. The derivation of the algorithm
can be found in reference (1).
The algorithm proceeds as follows. After initialization of the state
estimate and covariance, the state estimate and covariance are propagated
forward in time until a measurement update is available, by
z = f(ic(t) I t)	 ,	 tk-1 < t	 t 
and
;(t) = F(x(t), t) P(t) + P(t) F(x(t), t) T + G(t) Q(t) G(t)T
(5)
(6)
J
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At the measurement time, the state estimate and covariance are updated
by
S&(+) - &(-) + Kk (4 - hk (&(-)))	 (7)
and
Pk "+) - ( I - Kk
 Hk(S&(-))) Pk(-),	 (8)
where the (-) and (+) represent the appropriate values just before
and just after the update. The updated values are used to reinitialize
the time propagation equations (3) and (4) for integrating up to the next
measurement time. The Kalman gain matrix is computed as
Kk
 - Pk(-)Hk(zj(-))T (Hk (&(-)) Pk (-) Hk ( - (-))T + Rk ) -1	(9)
, Y
	
	 This algorithm is repeated until the last time point, tN , is processed.
For later use in the smoother algorithm, various combinations of the state
estimates (A), measurements (z), linearized dynamics matrix (F) and
measurement matrix (H), measurement noise covariance (R) and estimation
error covariance matrix (P) must be stored for each time instant to be
processed by the smoother algorithm.
2.2 Modified Bryson-Frazier 3noother Algorithm
The operation of the smoother algorithm is similar to the filter
algorithm except in reverse time. The derivation of this smoother algorithm
is found in reference (2). This fixed interval smoothing algorithm pro-
vides optimal estimates given all the measurements in comparison to the
filtering algorithm providing optimal estimates given the previous
i
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measurements processed. Therefore the smoother provides improved estimates
in addition to removing the time lag !educed by the filter algorithm.
The smoothing algorithm adjoint variables, A and A are "initialized"
at the final time processed by the filter, T,
A(T-) _ -HN (HN PN HN + RN)—' (EN — HN (AN (—))) 6t 	(10)N,T
and
A(T-) = HT(HN PN HN + RN)-' HN 6t 	 (11)
N,T
If T is not an observation time, A and A are zero. The adjoint
variables are propaga,'.ed in reverse time to the next previous measurement
time by
a	 - F(z(t)
	 t  < t < tk+1
	
2)
A = - F(x(t), t) T A - A F(z(t), t)	 (13)
At the time of an available measurement, t k , the adjoint variables
are updated by
71(-)	 A(+) - Hk(Hk Pk Hk + Rk ) -' (cz*
 - !!k
	
(	 (-)))
+ (Hk Pk NT + Rk ) Kk !(+))	 (14)
and
Kk Hk ) T A(+) (I - Kk Hk ) + VHk Pk Hk + Rk ) - ' !	 (15)
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The smoother state estimate and error covariance are obtained using the
filter estimate and covariance and the adjoint variables by
x* (t) - A(t) - P(t) A(t)	 (16)
and
•
P (t) - P(t) - P(t) A(t) P(t).	 (17)
Due to the potential number of time points to be processed, smoother
estimates may only be computed at the discrete measurement times. For
this approach the propagation equations (10) and (11) are replaced by
(+) _ 0k — k+1	 (18)
and
Ak (+) _ @k Ak+1(-) *k	(19)
where 
•k is the state transition matrix formed with the linearized
dynamics matrix F to propagate the adjoint variable from time tk+1
to time tk . The algorithm continues in reverse time until the initi_I
time is reached.
2.3 Iterations with the Filter/enoother Algorithm
The performance of the filter/smoother algorithm is a direct result
of the accuracy ;.f the linearization. Repeated operations of the algorithms
with ad;sstments in initial state estimates and covariance in each cycle
can yield improved estimates. This technique is known as global iterated
filtering as defined in reference (3). Each cycle of operating the
algorithms would yield increasing improvemsnts in the state estimates.
This feature of the algorithm operation is of speciLl interest to
the propulsion parameter estimation )roblem us-'ng the NASA predictive
models. Initial, or nominal, values of the parameters of interest can
be used to obtain the necessary partial derivatives indicated earlier.
From operating the algorithm improved estimates of those parameters are
obtained. Using these improved estimates, more accurate partial deriva-
tives are obtained for use in the algorithms. This process is continued
(until there is in essence no change in the partial derivatives or quality
of the state estimates. If the linearization is accurate, the measure-
ment residual should be a white noise process with known :ovariance.
11
3.0 FILTER/SMOOTHER •ALGORITHM SYST;.M AND MEASUREMENT MODEL
The usefulness of the filter/smoother al,;arithm is to provius ee--i-
mates of the system states from the observed motion and dynamics while
the system is Ariven by known and unknown elements. These unknown elements
are elements of the system state vector to be estimated. The evolution of
motion recultirg from these known and unknown elements is assumed to be
suitably represented for this study by a six degree-of-freedom (6 DOE) rigid
body equations of motion. "Mdse equations bre presented and discussed in
section 3.1.
To implement these equations into the- filter/smoother algorithm
presented in section 2.0, a linearization of the system state and measure-
ment models is requirfld. These linearized equations are presented in
section 3.2.
3.1 Equations of Motion and Measurement Equations
3.1.1 Rigid Body Equations o- Motion
The rate of change of vehicle velocity in body coordinates, v(B),
as a result of external forces acting on the vahlzle is described by
	
2	 (B)	 (B)
•(8)	 PAvm	 B I (")
	 (I)
	
(B)	 -MT	 f-_P
v	 cf+ C SL
	
(r	 )- wxv	 + m
	
' m
	
(20)
where
p - atmospheric density
A - aerodynamic coefficient referenced area
vm : magnitude of vehicle velocity relative to the surrounding air
mass
12
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m vehicle mass
cf aerodynamic force coefficient vector
^(I) (r (I) ) - gravity vector in inertial coordinates
m - angular rotation of the body relative to the inertial frame
f B = resultant thrust force vector in body coordinates
(8)
- resultant plume force vector in body coordinates
The rate of change of vehicle position in inertial coordinates, r(I),
is then obtained by
	
r(I)	
= ICB v(B)
	
(21)
where I C B is the transformation matrix from body coordinates to
inertial coordinates. The elements of the I C B transformation matrix
are obtained From the resulting Eule:- angles defined by
	
m ^	 1	 sin4ptan9	 cos4ptan8^ P i
i
	
8 t	 0	 cos(p	 -sing	 qi
	
[^,j
	 0	 sin(psec9	 cosTsece r
where (f, 8, and 4, are roll, pitch and yaw attitudes respectively.
The roll, pitch and yaw rates of the body relative to inertial coordinates
are p, q, and r respectively. Finally, the rate of change of the body
rates relative to inertial is given by
13
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PAv2 	PAv2
4 _ [ I l -1 [ 2m 1C 	 2m 
(EA 
_ rte ) ) x cf
t^
- w x (70) + (B) + TP(B)I	 (23)
where
I = vehicle moments of inertia matrix
lcm
 aerodynamic coefficient referenced length and moment
coefficient vector
rte ) = vehicle center-of-gravity vector in body coordinates
j:A
 = aerodynamic coefficient reference position in body coordinates
4B) = resultant thrust torque vector in body coordinates
TSB) = resul nt plane torque vector in body coordinates
The equations of motion represent the first twelve elements of the system
state vector. These equations are summarized in Table 3.1.1-1.
The moment of inertia matrix I in general is given by
Ix	 -Ixy
I	 -Ixy	 Iy
-I zx 	 -Iyz
-I I
zx
-Iyz !	 t24)
I
z-
for the moment axis terms, i.e., Iy , and the product of inertia terms,
i.e.,	 I
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The aerodynamic force and moment coefficie tlpgl(
(
f^^gyyrcee are
defined as functions of angle-of-attack, a, and angle-of-e eslip, B, as
shown in Figure 3.1.1-1. The body referenced relative velocity vector,
removing the wind velocity, v, from the vehicle velocity, is given by
(B)	 B I	 (B)	 B
C LL (LL)r	 - C 
^w 
v -	 vw	 (25)
where v ML) is the local-level referenced wind velocity vector. The
following equations define a and R in terms of the components of vr
v
r
a = tan -1
 ( 3)	 (26)v
r1
v
r
R = sin -1 (v?)
	
(27)
M
where
V = (v 2 +v 2 +v 2 )	 (28)
m	 r1	 r2	 r3
The resultant thrust force f (B) is expanded as
f 
Ti I
nn
f (B) = iI1 BC4. 0	 iI1 
B j q-
	
(29)
o
where the transformation matrix BC4, transforms the magnitude of thrust
for each thrusting device, f 
T. 
from its center-line to the body
i
coordinates. The general equation for fT is
i
m
N
b
3
b
41
U
R
Lei
r
M
L1
M
w
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fTi ' fTivac _ PsiAe
where
f	 = vacuum thrust
Tivac
P	 atmospheric pressure at motor exit
s.i
A	 motor exit cone area
e
The matrix Bj is different for the SSME's and SRB ' s and is given by
^BCMP MPCG GC(.	 SSME
BC^'i
	
(30)
BC(L	 SRB
where
BCMP = transformation from the engine mount plane to the body
coordinates
MPCG = transformation from the gimbal reference plane to mount plane
(structural deformation)
GCS. - transformation from enterline to the gimbal reference plane
BC(. = transformation from SRB nozzle centerline to the body
coordinates (gimbal angles).
a^
t le
18
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The resultant thrust torque is the summation of the torque contribution
from each thrusting device and is given by
f T	 (31)
T(B)	 n (ET. _ r (B) ) x BCq,	
of
i=-^	 1 -Ti 	-ag	 i
Q
where
ET. = body coordinates of the thrust reference point for the
i
ith thrusting device.
3.1.2 Measurement Equations
The measurements assumed available for the filter/smoother algorithm
include inertial platform acceleration and attitudes, ground based radar
tracking, SRB's head pressure, SSME's chamber pressures, liquid H 2 flow
rates, pressurant flow rates. The ET volumetric levels are available;
however, due to their limited number (4), they may only be used for
alternate checks of the filter /smoother algorithm performance.
The propulsion related measurements will be treated in a separate
section. In the following, the inertial platform acceleration measurements,
attitude measurements and ground based tracking measurements models will
be described for later linearization.
1-11,
lip
Ie
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3.1.2.1 Platform Acceleration Measurements
Accelerometers mounted orthogonally on an inertially stabilized
platform,not located at the vehicle center of gravity, sense externally
applied special forces and accelerations due to body rotation. The
accelerometer measurement is modeled by
	
2	 (B)
	
(B)
	
a 
(S) = S C P PCP P' CB [PA m	 + -i + Z-Pc
-m	 2m -f
	
m	 m
+	 x w x ((B) _ cg + cv x ( (B) _ r (B) )] + b (S) + v(S)r
— — -8	
r
	
-cg	 — -B	 cg	 -e	 -a
where
S C P = transformation from platform coordinates to sensing coordinates
CP = transformation from misaligned platform coordinates to
platform coordinates
P1 B
C = transformation from body to misaligned platform coordinates
4B) 
= body coordinatee of the platform center
b (S) = accelerometer bias vector
-a
v (S) - accelerometer measurement noise vector
-a
3.1.2.2 Platform Attitude Measurements
'fie inertially stabilized platform for the STS is a four axis IMU
with a redundant roll axis (4). Vehicle body attitudes are generated
via quaternions [5]. It is assumed that an equivalent representation
(32)
i
t
20
can be made to obtain vehicle attitude by a three rotation sequence of
roll, pitch, yaw to transform from inertial to body coordiantes. This
approach has been used in reference (6).
The attitude angle measurement model is given by
( S) = 9 + b^S) + v(S)	 (33)
where
b8
 = platform misalignment bias vector (used to formulate C )
v^ 
S) 
attitude measurement noise vector.
The transformation matrix used to transform from body to inertial
coordinates in terms of the elements of the 6 vector is given by
cosecos4+	 sin9sinecos4+
	
coscpsinecos+
-cosqsin^	 +singsin+
ICB = ( cosesind+ 	 singsinesin^+
	cosgsinesind+ (34 )
+cosvcos^+	 -sin4cos+
-sine 	 sinqcosO	 cos4cose
3.1.2.3 Ground Based Tracking Measurements
Ground based radar tracking devices can provide measurements of
range, azimuth and elevation from the radar sight to the vehicle. Azimuth
and elevation are established relative to the sight's local level. If
C4
21
the tracking device is a passive optical tracker (not laser) then only
azimuth and elevation measurements are available requiring more than one
to establish position information.
Defining x, y, and z as the local east, north and up position of the
vehicle relative to the ground based tracking device, the radar measurement
equations are given by
P = (x2 + y 2 + z2 ) + h
P	 P
+ v	 (35)
A as tan -1 (Y) + bA + vA	 (36)
E = tan -1 (	 z	 ) + b  + AE + v 
	
(37)
x2 + y2
where
bP , bA , b  = range, azimuth, elevation biases
AE = atmospheric refraction correction
vP , vA , vE
 = range, azimuth, elevation measurement noise.
'Ilse position vector of the vehicle relative to the tracking device is
given by
x^
y A 
A	 C	 C	 rLL)
	
LLECF ( ECF	 (I)ECI	 _ r (ECEF))	 (38)
z
i
F
f
k
f
x
F
F
k
where
LLCECF = transformation from earth center fixed to local level
ECF ECIC 	
s earth centered inertial to earth entered fixed
(ECF)
r EC . position vector of tracking device in ECF coordinates.
The transformation matrix LLCECF is given by
f-sink	 -sinLcosA	 cosLcosx
I
ECFCLL 2	 cosa	 -sinLsinA	 cosLsinX
	
(39)
0	 cosL	 sinL
where L and a are the geodetic latitude and east longitude of the
device. The transformation matrix ECF CECI is given by
cos [W
E (t - tRNP) l	 sin ( wE (t - tRNP ) ]	 0
ECF ECIC 	
_.	
-sin(wE ( t - tRNP )]	 cos(wE (t - tRNP)]	 0^ (RNP] (40)
0	 0	 1'
-	 J
where
W  
= earth rotation rate
tRNP - time tag for RNP matrix
(ECF)
The position vector, rRpR , of the tracking device is given by
22
(	 + h) cosLsinX
Jcos2L -+(,  - e) 2 sin 2L
(ECF)
ERDR (41 )
23 
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(	 E	 _ + h) cosWosl
coo 2L + 0 - s) 2 sin 2L.
RE (1 - e)2
(	 + h) sinL
coa 2 L + (1 - e ) 2 sin 2L
J
where
RE
 = equatorial radius of Fisher ellipsoid
e _ flattening of Fisher ellipsoid
h • altitude of the device above Fish_- ellipsoid
(
L
I.
24
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3.2 Linearized System State and Measurement Equations
The vehicle equations of motion are mmnlinear functions of their
motion variables and are implicit functions of other elements of the
system states. The measurement equations involve similar function rela-
x
tionships. The linearizations for the filter/smoother algorithm require
partial derivatives with respect to the motion variables, i.e., v (B) and
8, and with respect to other elements of the state vector, yielding
explicit fw.ctional relationship.^ for the elements of interest.
For system state equations the partial derivatives will be presented
in section 3.2.1 for the state elements in order of occurrence for the
r
((	 first twelve states. Other partial derivatives for candidate state ele-
ments will foll:,w in section 3.3.1. The measurement equation partial
derivatives for the first twelve states will be presented in section 3.2.2.
Partial derivatives of the measurement equations for other candidate .states
will be presented in section 3.3.2.
The resulting partial derivatives are imbeddsd into the linearized
system state matrix, F(x(t), t), as shown in Figure 3.2--1 	 A corresponding
linearized measurement matrix, H(!K ), is similarly formed with C-I"
measurement equations' partial derivatives.
3.2.1 System State Partial Derivatives
i
Partial derivatives of each of the equations listed in Figure 3.2-1
are developed in their order of occurrence with respect to the order of
c
t
- - _
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_	
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the corresponding states. Partial derivatives of thrust terms are presented
as though for a single device.
Inertial Position Rate Evuation
7he first nonzero partial derivative of the r (I) equation is with
respect to v(B).
88) (r (I)
)	 ICB.
v 
The second nonzero partial derivative is with respect to A. This partial
derivative results in a third order tensor and occurs frequently in later
developments. •fie generalized form is presented in Appendix A.
Pjdv Velocitv Rate Eauation
The partial derivw_, ve of v (B) with respect to r (I) is given for
altitude terms approximately as
8 _ 8 r
(I)T
8r(I)	 8h (r(I)I
(43)
(42)
Av`	 pAv	 8v. pAv 2 8c	 pAv2 8c
m 8^	 m	 m	 m -f 8a
	
m -f as
2m 8h -°f + m 2f 8h * 2m 8a 8h + 2m 0 8h
+ ^B^^aer4.) 8	 8f (B)	 af(B)	 (if	 An
	
P,.	 a..	 as
m	 Bps
where
8v(B)
8h
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The partial derivatives of 8^B)	 8(B) , 8^(B) , $h , 8h
 80	 8V
 and 8hm8v	 8v	 av
occur frequently and are given in Appendix B.
The gravity vector BCI g(I) (r (I) ) partial derivative with respect
to r (I) is
2
1
3
r
IrI2
(I)	 (I)
BCI 8^ (r ) -
B 
C 
I 
^_ 3-1-
8r8r(I)
	 11.(V13IrI2
3 r 1 
r 3
IrI2
	
3 r 1 
r 2
	
3r, r2	
!
	
IrI2
	 1E.12
2
3 r2 - 1
	 3 r 2 
r 3
	
IrI2	 1E.12
 I
2
	
3r2r3	 3 r3 - 1
	
IrI2	 Iris
(45)
where
µ = gravitational constent.
av(B)
The partial derivative,
	 (I) is the sum of the matricies in equations
ar
43 and 45.
The partial derivative of v (B) with respect to v (B) is uiven by
av (B)	 pA m
	
avm	 pAv2 ac#
av(B) -	 m 2-f	 B)+ 2m	 ao
of	 &	 of	 as
+ m [ as av(B) + 13 av0
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r-,
4
where
I.
28
,kal = skew symmetric matrix made from the elements of the vector w
and equivalent to the cross product operator w x ( ).
The partial derivative of v(B) with respect to 9 is
av (B) pA fi	 (I V  8vr pA m2 8cf, am 8-vs
W m Ef av ae + 2m 8a 8v ae
-r —	 -r —
2
+ pA m ac f a,; 8-°r + a BCI ^(I) (r ( I )) 7
2m as av ae ae
of (B) av	 of (B)	 av
1	 8a r^ ^_ 8E3 _r
m	 as av ae + as av ae 7 	 (47 )
-r —	 -r —
The partial derivatives of 
av 
are given in Appendix B and the partial
-r
av
derivative 
a9 is given in Appendix A. The last partial derivative
is given in Appendix C.
The partial derivative of v (B) with respect to w is
av 
(B)
	 PAvm2 aaf
	 (B)
aw	 2 m 	 3w7+ { v 7' (48)
i
.-
_-
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Euler Angle Rate Equation
The Euler angle rate equation is a function of both the Euler angles
and the inertial rates. The linearization will yield the two associated
matricies.
First with respect to the vector 9, the following matrix results
gcos4ptane- rsiniptane 	 gsingsec20 + rcosgsec 2e	 0^
88 	 ' -gsinq - rcosp	 0	 0
i gcosysece - rsingcose gsinTsecetane + rcosipsecetane	 0
J
The partial derivative of 9 with respect to m is
	
1	 siniptane	 cosgtane
as
	
aw = , 0	 cosq	 -sing (	 (50)
	
0	 sin4psece	 cosTsece
	
_	 J
Inertial Angular Acceleration Equation
The first partial derivative of this equation is with respect to the
vector r (I) . Using the approximation indicated in equation 43, this
(49)
30
ORIGMAL PAGE 191
tt
OF POOR QUALITY
8u► 	 Adv 2
[Il -1
	{	 m	 k c	 +(I)	 2	 Oh -m (pv Adc	 + ( r (B) - r (B) ) xm	 - M	 --^► 	 -cg
av
pv A!4)—
  
m 
	
8 h8 r
^ V pv 2Ad 8c
m	 -m
v 2A 	 8cp 
m	 -f) 8a+ (
	 +	 EA2	 as	 -
r(B)) 
x
-cg
	 2	 as	 8h
(51)
2pvm Ad a	 (B)
2
(B)	 pin A	 8cf	 8^)	 )+ (	 ( rte2	 8S +	
_ x	 2	 80 8hcg
(q,) (I)T
(B)	 (B)
	
B % aft 	8 ps 	8 T^  8^  8n
+	 +	 +
8^  8^ r+ ((^,	 - rcg ) x	 C a ps	 8 h
	
8 h
	 as ah as	 8h)} Ir (I) I
Next, with respect to the vector v (B) , the partial derivative is
{(pv Ad q + ( (B) - r (B) ) x pv A c ) (I
V 
av(B)	 m -m	 EA	 -cg	 m -f av(B)
2	 2pvm Ad a	 (B)
	 (B)	 p m A acf
) 
as
+ (
	 2	 + (EA
	- r-cg ) x	 2	 (3aav(B)
(52)
	+ (pvm2	 a—m + (r(B) - r) x p 
m2A %) as
	
2	 as	 .A 	cg
(B)
2	 a$ 8V (B)
	aT
p as
a	
aTp as
+ as V (B) + as av(B)} .
0
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The partial derivative with respect to the vector A is
(I) -1 {(pvmAd c + ( 8) _ ^(^)) x p mA cf ) 8^
2	 2
+(
pvmAdam 
+( ^B)	 (B)	 pmAB^ 8m2 8m	 --A - rcg ) x 2	 8m) 89
py 
2	 2
+(---M
	
am 
+( r(B) _ r ( B ) )x p m
ABaf ) 
eB
2	 80	 EA	 -cg	 2	 80 8e
aT	 8T
+ tea-01 + T'-1.as ae	 as ae
The final partial derivative for the first twelve states is with respect
to the vector w. This operation yields
	
•	 2	 2{ pP,dvm
 ac + ^
r (B) _ r (B) } PAvm 8Lf
	
aw	 2	 aw EA	 -cg	 2 aw
(54)
+ ^Iw^ - { W} I}
(53)
y.
z
3 2	
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3.2.2 Measurement Partial Derivatives
The measurements assumed to be available, as discussed earlier, include
ground based radar tracking, inertially stabilized platform attitudes
relative to the vehicle body, and stabilized platform mounted 3 axis
orthogonal accelerations. As with the state dynamics matrix, the measure-
ment equations are linearized about the best state estimates.
Radar Track Measurement Equation
Referring to the radar track measurement equations, the required
partial derivatives are
ap_ _ap_ 
a
°rv
LL >
	
8r (I)	 a°r(LL) Or
(55)
-v	 r
a°r(rL)
	
aA	 aA	 -v	 (56)
	
ar (I)	 a°r(LL) ar(I)
-v
a°r (LL)
	
aE	 8E	 -'v	 (57)
	ar
(I)	
7 
(LL)
	 Or
-v
a°r(LL)
The last partial derivative in each of these equations, 	
-(I) , is
ar
a°r (LL)
-V_ LLCECF ECFCECI
ar(I) (58)
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The rest of the required partial derivatives are
T
8 e_ r((LL) ^1 
,&rv)
	 (59)
V 
	8 LL)	
L x- Y 2 ,
	 2 x2 , 01	 (60)
, Y	 YVTar _(LL)+ 
	
8E
LL) 	 I	
-xz	
-Yz	 " + y2
	 ] (61)
BAry	 P2 x2 + y 2 	 P2 x2 + y2 	 P
Inertially Stabilized Platform Attitude Equation
The inertial platform is assumed to provide attitude angle measure-
ments of the true attitude plus an attitude bias plus measurment noise.
The partial derivative of the measured attitudes with respect to the
vector a yields an identity matrix.
Accelerometer Measurement Equation
The accelerometer senses specific body forces excluding gravity along
the sensing axes. With reference to the accelerometer equation, the
partial derivative with respect to r (I) is
fl
I'
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8&(S) S B A v2 
Pk	
pA 
;a 8 m
8r(I)	 C ( 2m h °-f + m = f 8h
2	 2
pA m 8cf 8a pA m 82f88
+ 2m 8a 8h + 2m 80 8h
(^)	 (B)	 (B)	 (I)T
1 B (L 8f T	 Spa 8f P 8a 8-4 80 r
+;( C Spa 8h + 8a 8h + 80 8h )) ^r(I)^
The partial derivative with respect to v (B) yields
8a (S)	 pAv	 8v	 pAv 2 8c	 pAv 2 8c
-m	 _ SCB ( m 
c	
m	 m -f 8a +	 m --f 8S
8v( B)	 m -f 8v(B) 
+ 
2m	 8a (3v (BT	 2m	 eB 8v(B)
1 ^ 8a
	
8f-P 88
+ m[ Fla 8v ( B) + 88 8v(B))
Fbr the partial derivative of the accelerometer with respect to
the vector 8, the measurement equation is temporarily rewritten as
a (S) = SCP' P' CB s ( B) + b (S) + v(S)
-M	 —	 -6	 --a
where the vector s (B) represents the sum of the aerodynamic, thrust,
	
plume and rotational coupling terms. The matrix 	 G is the same
matrix as I CB . The required partial derivative results from
(62)
(63)
(64)
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(s)
SC P
, a	 ICH s (H) . (65)
80	 SF
The partial derivative on the right hand side is developed in Appendix A
with the vector a (H) representing the sum of the terms indicated above.
The final partial derivative for the accelerometer measurement is
with respect to the body rotation vector w. Defining
Ark
sl
mum
Ars	i Art
s
(r (B) _ r(B))
-s	 -cg
(66)
I Ar	 !3
and denoting w  as the ith element of the vector w, the resulting
matrix is
w2Ar 2 + w3Ar3	 w1Ar2 - 2w2Ar1	 w1Ar3 - 2w3Ar1
Saw , SCa w2Ar 1 - 2w1Ar2
	 w1Ar1 +w3Ar3	 w2Ar3 - 2w3Ar2	(67)
w3Ar 1 - 2w1Ar3	 w3Ar2 - 2w2Ar3	 w 1 Ar 1 + w2Ar2
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3.2.3 Additional Parameter Partial Derivatives
The mathematical developments are presented in this section for the
partial derivatives of the system and measurement equations to allow for
additional candidate parameters to be included in the estimation algorithms.
These parameters include center-of -gravity, rcg , moments of inertia, I,
wind velocity, vw, and inertial platform tilt errors. Aerodynamic and
plume parameter partial derivatives are also presented.
The computer program is being structured to permit these parameters
to be easily incorporated without significant impact on the program code.
3.2.3.1 Center-of.-Gravity
From equation 23, the partial derivative of angular acceleration with
respect to rcg is
1
2	
fT^ f
8w	 1 pAvm 	 n B
8r	 (I]	 I 2 	 + ii1	 C 1	 0	 4)	 (68)
-.cg	 i
a^
From equation 32, the partial derivative of the measured a --eleration with
rest pct to 
rcg is
s
arC
cg	
Ca _SB iW x W
	^ k09)
-
per--	
_._.	 -...	
_	
is-+_^+^+,.a •a--seas ems.—^.^-.^.r ^-e.^—+s-.-r-=	 -.^^..^-.:__—__	
-_^_•-•
	
_ _. _- 1
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3.2.3.; 'Moments of Inertia
The momenta -of-inertia are grouped into "principal" terms, i p, and
cross product terms, iCp. From equation 24, these vectors are defined as
I 1x
P = Y
I
z
and
'	 I'I
xy
i	 I
i	 I I
cp	 zx i
i
I
yz
With these definitions, equation 23 is rewritten as
	
rw 1	 0	 0 1
(ET - ^Wl	 0	 W2	 0	 1
i
	
0	 0	 w3
(70)
(71)
(72)
r
_w 2 	_w3	 0
i
+	 -w 1	 0	 -w	 icp } )
0 ^1 w2
1
r^ i
!i where IT represents the sum of the nonrotational torques in equation 23.
D-fining an intermediate vector a as
a - ET - W x (1W)	 (73)
the partial derivatives of the angular acceleration with respect to
i
pand iCp are
0	 -W2ro3	 m2W3
bw
8i 88 (I -^ a)	 - (I) -^ j f,t1 w3 	 0	 -W1W3	 (74)
a-fixed	
I-W1W2
	
W 
1 W 2
	
0
and
2	 2
w1 w2	 -W1W2	 w3 - W2
81W 	 8i	 ( I ^^ a)	 - : I ] -^	 -w2W3	 W2 - W2	 W W	 (75)
-cp	 -cp	
l a-fixed	
3	 1 2
W2 -W1	 W2W3	 -W'W3
where
Iya3 + Iyza2
Iyza1 
- 
2I
zx	 xya2 + I
	
3
Iya1 
+ Ixya2
(77)
-21yza 1 + Izxa2 + Ixya3
Ia + 
IaX 
.3	
zx 1
Ixa2 + Ix a1
Y
+
 z 2 Iyza3
1
Iza1 +Q
Izxa3
+ - 21Iyza 1 IzXa, 2
xya3
9
i
39
ORJOiNAL RAGE 19
OF POOR QUALITY
0
Si (i^ 1 a)	 Iza2 + Iyza3
P
Ia3	
yz+ 1a
y	
2
Ize1 + Izxa3
0
Ixa3
 + IzXa1
Iya1 + Ixya2,
Ixall + Ixya1
0
(76)
r
	
( Iy Iz - Iyz2 ) n 1	 (IxIz - IzX2 ) a 1	 (IxIy - Ixy2)a1
-1 1
ti)	 (	 )a2	 (	 )a2	 (	 )a2
	
(	 „	 )a3	 (	 )a3	 (	 )a3
ea	 ( I -1 a)
-cp
and
i
s
S
.E^	 y
if
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-2(1zIxy + IzxIyz)a1
	
-2(IyIzx + IxyIyz)a1	
-2(IxIyz + IxyIxz)a1
(I]
- ^	 -2(	 "	 )a2	 -2(	 )a2	 -2(	 "	 )a2
	
-2(
	
)a3
	
-2(
	
)a3
	
-2(
	
)	 )a 3j
and
D	 I I I - I I Z	 - I I I	 - I I 2 - I I ?- I I 2
x y z	 xy yz zx	 zx xy yz	 y zx	 z xy	 x yz	 (?8)
3.2.3.3 Wind Velocity
From equations 20 and 25, the partial derivative of the vehicle
acceleration with respect to v  is
8v
 
(B)-
	
avM2 PA m2 82f as	 PA m2 '12fas
av - 2m -°f 8v + 2m as av + 2m	 as avw	 w	 w -
The first of the partial derivatives in equation 79 can be obtained
from the foliowing equation
2	 T	 (B)T	
- 2v(B)	 (B)T BC	 T	 B BCvm yr -r v	 v	 vw + -
	
C
w	 --w
From equation 80, the following is obtained
av 2
av	
- 2 vrT BC.
t
	
40
(79)
(80)
(81 )
i
ii
1
i
E
U
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Denoting the elements of the matrix BC as 
c
11' c12, etc., the following
equations are obtained for the partial derivatives of a and B with
respect to vw;
T
(r 1 c31 	 r3a11) I
8v	 2 -1 2	 (vr c32 r c	 (82)12) 
-w v
	 + v	 1	 3
r 1	r3
L
( r1c33 - r3
 
c13)
and
v 1Tr_
m2
(mc21 r 1 c 11 + vr2c21 + vr3c31) iias	 -1
aW
v
r2
+ v	 c	 )!2 +	 2v	 v	 v v c - (v c + v	 c (83)
m 22 12m	 r2	 r3 vm r1 r2 22 r3 32
v
r
?- (vr + 	 c33)
mc23 v c13 + 	 c23v v
m 1 2 3
3.2.3.4 Inertial Platform Tilt
Temporarily rewriting equation (32) as
(S) = S PCa	 (I + 6@ x) s (84)
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where
88 = vector whose elements are the axes misalignments
P1 B
s - sum of the bracketed terms in equation 32 multiplied by C .
The following partial derivative of the measured acceleration with
respect to 68 is obtained
8a (S)
866
	
SCP  	
(85)
3.2.3.5 Aerodynamic and Plume Parameters
A linear model for the aerodynamic and plume characteristics is
used. This model is expanded as
	
Ef = Efo + Efa a + c f.s B +	 (86)
	
and cm = 
ono + ^
a a + -mo
 B +	 (87)
	
f=fP+fPMa +fp8 B +	 (88)
where additional terms to represent rates, cross couplings, and controls
can be included.
The basic approach of establishing the partial derivatives will be
illustrated for a couple of terms, cfa and cma . Using these example
O,itlG"L pAGIE IS
Of. !" QUAUTY
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illustrations, the rest
obtained. From equation
av
(B)	
al 
(B) 
ac
act 	act aof
a	 a
3f the candidate parameters can be similarly
20, the ft-Ilowing partial derivative is obtained
pAv 2
_	 2ra
	
M[U]	 (89)
where
[U7 - unit 3 x 3 matrix with oze I s 0 ) on the diagonal and zeros
off the diagonal
From equation 23, the p,.rt-a^ derivative of angular acceleration with
respect to 
c	
is
a
	
a^	 aw ac
	 pAv 2
	
ac	 = ac acO = LIl -1	2	 a[U].	 (90)	
Y_
M	 -n.n -M
a	 a
The corresponding partial derivative with respect to c f is
a
•
_
^	 ac	 a __ ac
	
= [I] -1 
P Alm 
2 
^^(B) - ^g)I a[u].
	
(91 )
	
-f	 -^ 2f
a	 a
'The static aerodynamic coefficient model has been obtained by a multiple
regression analysis of the current aerodynamic tabular data. 'This model
is presented in Appendix D with the associated regression coefficients.
7
6
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3.3 Propulsion Parameter States and Measurements
A candidate approach for incorporating the NASA propulsion model's
capabilities has been identified. This approach utilizes nominal pre-
dicted values of thrust, pressure, propellant and pressurant mass flow
rates, and utilizes sensitivities or partial derivatives of these
variables with respect to the independent parameters selected for esti-
mation by the algorithm.
The approach is to include deviations from nominal values of
measured chamber pressure, power level, propellant and pressurant mass
flow rates as states. The models assumed for these deviations are time
correlated random processes. Then as states, partial derivatives of
the first twelve states with respect to these variables will be required.
Fcr the SSME and SRB, this modeling approach is discussed in the
following. Additionally, the necessary partial derivatives of the first
twelve state variables with resepct to the additional states are presented.
3.3.1 SSME Propulsion Parameter Model
For the SSME, the total actual values of vacuum thrust and oxidizer
mass flow rates are modeled by
f  = f 	 + AfT	 (92)
nom
and
m 0 = m 0
	+ Am 
	
(93)
2	 2	 2
nom
sr
i
45
The measurements of fuel mass flow rate, pressurant mass flow rates and
power level are modeled as
m =m	 +Am +b• +s•
H2	
H2nom	
H2	
mH2	 mH2
m	 =m	 +Am	 +b•	 +9•
H2p	 H2p	 H2p	 mH2	 mH2nom	 p	 p
m	 =m	 +Am	 +b•	 +s•
o2p	 o2pnom	 Opp	 mo2p	 mo2p
(94)
(95)
(96)
and
PL = PL nom + APL + bPL + s PL .
	
(97)
These measured quantities include measurement noise s ( ) and potential
bias states b ( ) modeled as random constants. In these measurements,
the A'd variables are to be included as states in the estimation
algorithm. If the nominal values are zero or unknown, then the A'd
variables absorb the entire estimate. Where required, the estimate for
the vari ables used in the estimation algorithm is formed using the
nominal and the estimate of the deviation, etc. In example, thrust and
fuel mass flow rate estimates are formed as
f  = f 	 + Af T	(98)
nom
L
G
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m =m
	 +Am +b•H2	
H2nom	
H2	
mH2
The deviation or A'd measurement variables are modeled as time
correlated random variables. This permits these variables to vary within
a band of frequencies. The typical model is then given as
dt AO_ -t eO +1
 SO	 (100)O	 O
where the parenthesis (. ) would be replaced by the variables, i.e., M  .
	• 	 2
For the SSME, an additional variable 
Acmult is modeled as in equation
100 and included as a state variable with the A'd measurement
variables.
The thrust deviation is expanded as in the following truncated Taylor
series as a function of the independent parameters.
of T	 of T	 of T
Af 
T 
S	 AmH +	
Am02 +
	
* Ac
H2p	 2p	 02p	 p	 aAc
of	 of
	
+ 8 P APL + aMR AMR-	 (101)
In the v (B) and w
 equations, with equation 101 replacing fT
i
the partial derivatives of f T with respect to the A'd variables are
obtained directly from equation 101.
46
and
(99)
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It is desiraiiie to include vehicle mass bias as a state. The SSME's
system contribution to the mass deviation is given by
A;SSME' s = S (&;H + &;0 - 1&;H	-A; 0	 ) .	 (102 )i	 2i
	 Pi
	2P
	
	
i
	In equation 101, the Am 	 contribution to the mass deviation is not
2
available from measurements. As with the thrust deviation, this quantity
is formed as
Am	
X02A m 	 + X02 Am	 + ^0* ac*02 	 H2	
H2P	
X02	 02P	 Sac
P	 P
+ 
X02A PL + X02 AMR.	 (103 )8PL	 8MR
which is in terms of other estimated state variables. In equations 101
and 103 the deviation in mixture ratio, AMR, is obtained algebra? .cally
from
mH2	 - m H 2
AMR	
nom	 (104)
-'*'H 2
8MR
The partial derivatives for the SSME above have been incorporated into
the estimation algorithm as functions of engine power level.
s
'[ 4
W
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3.3.2 SRB Propulsion Parameter Model
The approach for the SRB modeling follows closely that used for the
SSME. Candidate independent parameters include propellant burn rate
exponent, a, and motor efficiency coefficient, c m
 . Others can be added
using this technique.
The actual value of vacuum thrust is given by equation 92. The
only measurement available for the SRB is the total pressure at the
forward head end of the motor case and is modeled as
PO = PO H
	
+ APO H + b + s
H	
nom
	 PO PO
pOH
(105)
where b ( ) and s (
 ) represents a bias and measurement noise respectively.
The independent parameters, Aa and Ac m , are included in the
model as states. The model assumed can be as given by equation100 or
another suitable dynamical process, i.e., random constant.
The thrust deviation is given by the following truncated Taylor
series as a function of the candidate independent parameters.
8f T	afT
Af T 8a Aa + 8c Acm +	 (106)
m
The partial derivatives for the v (B) and w equations with respect to
the independent parameters are obtained directly from equation 106 . The
mass deviation equation for the SRB is given as
SRB
	 (107)
F
Tf
t
ri
r.
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where
(108)Ami
 43 Aa+	 .
1he head pressure deviation, AP B , is expanded similarly
H
®PO
AP  = 8aH Aa +
	 .
H
(109)
A simplified model for the SRB's thrust, head pressure and mass flow
rate has been developed that can be directly incorporated within the filter
algorithm for estimating burn rate coefficient, nozzle coefficient, mass
flow rate, etc. This model, to be described below, uses apriori specified
burn area and port volume as a function of burn depth into the propellant
grain. From this simplified model analytical partial derivatives required
by the estimation algorithm can be obtained.
The thrust is given by
t	
i
f
^;	 r
t
f T = cm c  c m/g
	 (110)
where
c = nozzle coefficient
m
c  = thrust coefficient
c = characteristic exhaust velocity
m = mass flow rate
g = gravity acceleration
Two of the required partial derivatives with respect to mass flow rate
and nozzle coefficient are easily obtained, visi
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afT
—= c T c cm
8►n
and
afT 	 *
8a - -T a m
m
Zhe partial derivative with respect to burn rate coefficient is
af
8a ' [8PT 88a m + 8 CT] c * cmO
(111)
(112)
(113)
where it has been assumed that c is not a function of a. Using the
"ideal" expression for a  [7]
2	 ^+.1_	 P - P A
cT	 Y (,^+1 )Y-1 [1	 (pe `Y ]	 + sA a P ,PO	 t	 O
where
7 = ratio of specific heats
Pe = motor nozzle exit pressure
P = ambient atmospheric pressure at nozzle exit
A = motor nozzle exit area
e
At = motor nozzle throat area,
the first partial derivative in equation 113 is
(114)
R	 51
ORI(&AAL PA T-? 63
OF p?R QUALITY
12 
2	 2
pPT = N 7-1 ( Y+1)	 [ (^ ^) (^) I 1 - Pupa _iO	
^-1	 Y	 PO	 PO	 At	 P2
P."Y
C1 -(p) l
0
(115)
4b evaluate the second partial derivative in equation 113, the following
equation for pressure (81 is used:
c*1
P	 (	 pp a b ) 1 n (116)O	 At 
where
pp - propellant density
Ab - propellant burn area
n - propellant burn rate exponent
7he following partial derivative is then obtained
1
*
P	
1-n
	
nA
- (g A	 b )	 (1	 ) a t -n	 (117)t
The last partial & ivative in equation 113 is obtained from
n
*	 11 —n
•	
c P a
m Pp r  Ab - Pp a (g At )	 Ab .
	
(118)
the resulting partial derivative is
+	
n	
1
8e	 c p a 1-n 1	 1—n
= p^(g— p	 (1-n) A	 (119)
i
f
F
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Tb utilize the head pressure measurement and its sensitivity to
parameter variations, the following equation (7) is used
P	 cr^^
PO - 2 D+ 1 + 4RT(	 P ))H	 p O
(120)
where
R - gas constant
T - gas absolute temperature
c - port circumference
Ap
 = port cross section area
r  - propellant bur-a rate
t =distance from +a*nr nozzle to pressure measurement point
This equation assumes a cylindrical port with an approximately jonstant
cross sectional area.
3
With this assum;tion A becomes	 4xv	 Also recognizing that
p	 p
n-1	
A
P.rb= P aP n-1	 P a(c+Ppa	
)1-n
=P a(c+Ppa b )-1 = At
PO 	 p	
O	 p	 At	 p	
At
	
c+ A,
D
then equation (120) can be rewritten as
2
PO ' PO (1 	 +	 1 + 16s RT 13 (
 
*
At ) ) .
H	 p c Ab
The partial derivatives with respect to burn rate coefficient and muss
flow rate are
f tt	 BPOH
	
13 At 2	 8PO
L	 ^a S (1 +1 1+16=RT V ( * ) )	 021)
p c ll
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and
flu 2
"PO
	 ap	 4RT
	
H 	 +	 1	 1 0 +	 P	 }
	
(122)
	
d3	 2	 tali2
1 + 4RT(V P )	 1 + 4RT-(Vp )
	P 	 P O
In equations 121 and 122 a cylindrical port has been assumed in determining
the port volume p. Equation 122 was obtained from equation 120 by
replacing the term c r  pp 1 by A. Ine partial derivative of PO
H
with respect to cm is obviously zero. In using these analytical
partial derivatives, the basic performance measures of thrust, mass flow
rate, head and nozzle pressures, etc. are matched between this model and
the NASA SOBER internal ballistics routine results. The burn area and
port volume are adjusted in the simple model to obtain th` agreement.
Then using the adjusted area and volume as a function of burn depth, the
partial derivatives are evalauted.
7he inclusion of solid propellant thickness, t, as a state variable
necessitates the development of the partial derivatives of i with respect
to the solidro lsionp pu	 parameters and the partial dorivative of the
	
measurement PO
 with respect to
	 These partial derivatives are given
H
as
A 
n
^	 1	
c+p b
a 1 -n
as	
_ n ( g A	 )	 h"^)
t
E
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and
8P0
	 3 A 2 8P
^ H s ^ [ (1 + 16% RT V ( *t ) ^ a0
pc Ab
3	 A 2
8x RT V - PO8t ( *t )
p	 c	 (124)
3 A 2
16x RT	 ( *t )
p c Ab
where
n
	
8P0 - paAb ac* 8P0 c *pa 8A 	 *	 ^ 8P0 1 c *paps 1—n
_ [ A
t 8P0 Fr + t	 + c Pa b 8P0 8t ) (1-n) (g Atb )	 (125)
*
Here, the partial derivatives of c , Ab , and At with respect to t are
evaluated numerically.
Finally, the partial derivative of thrust with respect to t is
g1ven by
8f	 8P	 8A 2P
8tT CT 8t0 At + CTPO apto 8t0
	
( 1 26)
  
n
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3.3.3 Vehicle Msss
She total rate of change of vehicle mass is given by
dt (m) mSSME	 + mSRB	 + AmSSME + AmSRB + mMON-CONSUME	 (127)
nom	 nom
1►e first two terms in this equation are the apriori assumed nominal
values. the third and fourth terms were discussed earlier. 4he last
term should be zero; however it can include a mass bias uncertainty Nub.
The equations, state and measurement, in which mass occurs are the
v (B) and am
 equations. Assuming equation 123 can be summarized as
m + Nnb
 then the mass can be written as m + Amb - Replacing this
expression for the mass in the two indicated equations yields the
following partial derivatives with respect to the Nn b.
av 
(8)	
P 2
_	
1	
2 
(v2 A 
2f 
+ f + BC E, f(%))	 (128)
b	 (m + dnb )	 i
and
(S)	 2
1	 2 
SCB(Pv2 A
	 + f	 + BC4. f' ,	 (129)
TAmb
	 (m + Am  )	 i
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4.0 COMPUTER PROGRAM DESCRIPTIONS
'The optimal estimation techniques described in the previous sections
have been implemented into two computer programs which reside in NASA's
VAX computer. These programs are structured in a highly modular approach
facilitating easy modification and additions. The two programs, identified
in VAX nomenclature as FILTER.EXE and SMOOTH.EXE, are described below.
The linearized state and measurement equations implemented into the programs
are shown in Figures 4.0-1 and 4.0-2, with the indicated partial derivatives
developed in Section 3.0. A listing of the FORTRAN code for these two
programs are provided in Volumn II of this report.
4.1 FILTER Program Description
The interconnection of the major routines for the FILTER program is
shown in Figure 4.1-1. The basic flow of the program is a sequential pro-
cessing of measured data available at discrete time instances and propagating
the state estimate vector and error covariance matrix forward to the next
time measurements are available.
Between measurements, the state vector, formed in XDVEC, and the error
covariance matrix, formed in PDMTRX, are propagated forward (integrated in
time) using a Runge-Kutta fourth order numerical integration algorithm
RK4FIL. The subroutine GETDAT reads the measurement data from disk file
INPUT.DAT. The subroutine MEASUR calls the various routines to update the
state estimate based on available measurement data. These routines are:
RADAR for radar azimuth, elevation and range data for three radars;
ACCEL for three axis accelerometer measurements on the inertially stabilized
platform; ATTIT for the attitudes available from the platform; SSME for the
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four measurements of the pressurants t2>, liquid nydrog n and power level
for each main engine; and SRB for the head stagnation pressure measurement
for each rocket booster.
o&,or routines provide results of various calculations and these
routines are given in Table 4.1-1. A library of routines provides various
repetitive operations and are given in Table 4.1-2.
4.2 SMOOTH Program Description
The smoothing program is similar to the f iltering program in that input
data are sequentially processed at discrete time insta.-1ces. However, in
this algorithm, the input data are data processed by the filtering program
and the sequence is in reversed time. The program is simpler in structure
and the major routines interconnection is shown in Figura 4.2-1. The data
from the filtering program is read in subroutine INPUT. The propagation
backwards in time of the smooth adjoint state vector and matrix is accom-
plished in PROPAB using a state transition matrix formed in STRANS. The
smoothed states are updated in subroutine UPDATE.
The other rout?.nes used in the smoothing program are described in
Table 4.2-1.
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4.3 Program Checkout and Preliminary Mesults
The computer program, FILTER, has been checked out in a two step
process. First, to establish confidence in the implementation of the
squat ,s of motion and all the ro c aired data, the program was operated
in a state vector prc+pagation forward in time or simulation mode. Zhis
mode corresponds to an ITYPE parameter value of zero. She first stage
phase of Might was Nsimu: ateel " with the ,ohicle attitude time history
prescribed by the nominal attitude versus velocity conv.^ands. During this
mode of operation, errors representing measurement uncertainty were added
to the uncorrupted measurement values for later processinV by the filter
prograia in a ITYPE equals one mode. Zhe results of this opeA-etion yielded
an input file, INPUT.DiAT, as presented in Valumn II.
For the initial checkout, only measurem^nt errors were inzi—Aed for
the filter program checkout. with these being the only errors, esti'ates 	
^_. 
1
produced by the filter program should be zero or eery small. Since these
estimates are random variables, the mean value of these estimates should
also be zero, however, this was not quantitatively evaluated in the initial
checkout.
Using the data generated in the simulation mode, the filter program
was checked out. The objective in checking the program out is to evaluate
several attributes of the system model and the significance of the
measurements. The system model formulated should provide adequate sensi-
tivity of the state elements to the error parameters included in the model
(Teachability). Also, via measurements are estimates of tt ►e error parameters
produced with :ontinually modified uncertainty (observability). 'The
uncertainty of the errors should become smaller with each additional
measurement update sequence, for the esti:-natea to converge to their
67
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appropriate values. These attributes result from the structural properties
of the system model and measurements and could be evaluated by more formal
processes, however, due to the size and complexity of the problem here,
qualitative observations of the filter's operation will be used to illustrate
these properties.
The data from the exampls output listing FILTER.DAT in Volume. I! is
the basis of the discussions of the preliminary results of the filter
program. These data are generated by the filter program for later processing
by the smoother program.
Before discussing these data, some observations resulting from the
initial attempts at operating the program are mentioned. It was discovered
ria	 that the selection of state and parameter uncertainties and measurement
error uncertainties is crucial to the filter program proper operation and
stability. This is the result of two characteristics; the first is the
fact that the extende3 Kalman filter algorithm's performance relies on the
accuracy of the estimates produced, and the second is that the propulsion
parameters produce a very strong influence on all the system state elements.
This highly coupled system, while initially causing some difficulty in
running the program, indicates the potential for providing good estimates
for all the parameters modeled.
In the FILTER. DAT listing are presented the results for one completed
Ef measurement sequence of the program. In this listing are the results of
updates from two radars (RADAR), three axes of acceleration (ACCEL), and
attitude (ATTIT), four measurements for each of the three main engines (SSME)
and the measurement from each if the two solid rocket boosters (SRB).
Output for each measurement are: the 39 state estimate values, the 39
diagonal elements of the estim,.t!Qr& error covariance matrix, the value of
1	 69
I
the residual (difference between the measurement and the estimate of the
formed from	 inversemeasurement
	
the state estimates) and the 	 of the quantity
(HTPK (+)H + R) - a scalar, and 39 values of the appropriate row of the
linearized measurement matrix presented in Figure 4.0-2.	 Fbr initial
Fit checkout purposes, the update interval was selected as one-tenth of a
second for all the measurements. 	 This interval can be later modified as
F!", appropriate for each measurement processed.
Scanning the state estimates produced by the filter shows that as a
result of each measurement, the values of the states are modified by the
t
measurement update.	 The significance of the measurement is reflected
tom.
by the reduced estimate uncertainty as quantified by the change in the
estimate error variance reduction. 	 After propagation up to the measurement
j
{
time, it is seen from the data that the most significant measurements for
the propulsion parameter	 elements 16 through 39 are the accelerometer, SSME,
a-^ and SRS measurements.	 However, the radar and attitude measurements also
produce reduced estimation error variances in these parameters in addition L
to the main state elements of position, velocity, attitude, Ate. 	 The
significance of this is the ability to provide estimates of biases in
the accelerometer, SSME and SRB if present.	 Also of significance is the
t fact that SSME measurement updates reduce uncertainty in SRS parameters
and visa versa. 	 This is again the result of the highly coupled system
model and measurements.
	
The individuality of the three SSME's parameter
c
estimates is maintained by the filter.
	
This is contributed to by the
structural deformation values used since the SSME gimbal angles used are
F
the nominal cant angles.	 This can be seen in the accelerometer updates.
The final point to emphasize is the ability to reduce the uncertainty of
the vehicle mass.	 This is the result of the accelerometer, SSME and SRB
measurements.
70
These preliminary results indicate the possibility of the filter
being able to provide estimates of the propulsion parameters from either
the accelerometer or SSME and SRB measurements, and certainly from both.
Continued running of the filter with several more measurement update
times showed continued improvement (reduction) of the estimation error
covariance. however, after approximately 5 updates, some of the diagonal
elements of the estimation error covariance became negative which is an
indication of filter divergence. This problem can be rectified by proper
selection of initial values for the state and parameter error covariances
and selection of measurement error levels. Zhis "tuning" process should
be done using real data rather than synthetic data.
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APPENDIX A
PARTIAL DERIVATIVE OF THE VECTOR I C B v wrt e
This partial derivative is one of several that oc%;urs frequently in
the formulation of the linearized system state and measuremetn egautions.
The desired partial derivative is
(cosecosq+)v + (sinTsinecos¢+ )v + (coslsinecos4+ ) v1	 ^osgsin4+ 	2	 +sinqosind+	 3
a	 (cosesin^)v + (singsinesin4,)	 + (cosgsinesin4 ) v
8e	 1	 +cosgcosd+
	
v2	 -sin9cos4+	 3
(-sine )v1	 + (sin4pcose )v2	 + (cos(pcose) v3
The resulting matrix is given in Table A-1.
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APPENDIX B
a (B)' a(B)'	 anu, 8 ' 8h and a8h Expressions 
act ao
aV	 a^	 av
These partial derivatives occur frequently and Will be developed
in this appendix. The equation for 
v  
is
V	
v(B) - BOLL AML)	 B-1
-r —	 -w
Since the wind velocity, v ML) , is only a function of altitude then
a	 a
8vr a 8V (B)
av
The first partial derivative,
	 ^B), is
av
T
v
r1
am 	 1
av(B) s m vr2
v
r3
The second,	 aa(B) , is given by
av
B-2
B-3
v (B)
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B-4
The equation for
	 is
evSB)
T
-V v
r 
1 r 2
^— 2	 2v
v
3 
	
+ v
m	 r 
3
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av 
(B)
	 v 
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+v r3 	 B-5
3
v
m
-V
 v
r2 r3
v 3 ^— 2 
+ v 
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rl	
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last three required partial derivatives
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APPENDIX C
PARTIAL DERIVATIVE OF THE VECTOR a C I v wrt 8
The third of the frequently occurring required partial derivatives
is
cosecos+ v1	 + cosesin+ v2	 - sine v3
a	 sinpeinecos^	 sinfsinesin4#(	 )v	 + (	 )v	 + ainVcoae vSF	 -cos9sin+	 1	 +cosgcoo	 2	 3
( 
coapsinecos+	 coagsinesin+
+sin sin+	 )v1	 + (-singcos^	 ) v2	 + cosrpcose v3
The resulting matrix is given in Table C-1 .
C-1
1
C
>
m m GD
m m U
1
MU
O
f+
b
J.1
0.
U
W
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mi
r N r N
> > > >
O > 0 >
u ao u ao
CO 0 •d 0 0
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APPENDIX D
AERODYNANIC MDDELING REGRESSION AN; sF,,YSIS AND RESULTS
The aerodynamic data L3bles provided as IVB(3 data has been incorporated
into an aerodynamic coefficient polynomial model. This modeling effort
reduces the dimensionality of the numerical tables to one and reduces the
storage requirements for the aerodynamic model.
The coefficient model used for the two stages differ slightly as a
result of the available data. The regression analysis led in the selection
of the form cf the aerodynamic model. Terms with insignificant correlation
were eliminated from the model.
In equation form, the first stage static coefficients of axial fcra
CA; normal force, C N ; pitching moment, Cm ; rolling moment, Ci ; aide force,
C Y ; and yawing moment, C n ; are given below
CA = CA + CA a + CA 2 a2 + CA 2 aB2 + CA 2 82	 D-1o	 a	 a	 a8	 B
C  = C  + C  a + CN 2 aB 2
	-2
o	 a	 a8
C = C11 + Cm a + m 2 a 12	 D-3o	 a	 a8
Cf = Cf + Cx
 B + Cf a8 + Cp 
2 
CL
	 D-4
o	 B	 a8	 a B
C+
L
82
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Cy = CY + CY	 B + C 	 aB + CY 2	 aa 2 6 D-5
o B as a B
C n+ n 0+ a	 a6 + n 2	 a2 B D-6
o B CIO a B,
The corresponding second stage model is given by the following equations
CA = CA + CA a + CA 2 a2 D-7
o a a
C  = C + C 	 a + C 	 2 a2 D-8
o a a
m
= CM + m a+ m 2 a2 D-9
o a a
Cf = CY +CI	 B + Cf	C.	 +
aR
2CI 2	 aR
a 8
D-10
o S
Cy = C + C 	 B + C	 as + CY	 a2 02 D-11
o B as a 8
Cn = Cn t Cn	 B ;- C 	 as + Cn 2	 a2 0 D-12
o B a^ a B
Fbr the first stage, data from an angle-of -attack rar_ge of -6 to +6 degrees
was used in the regression analysis.
	 Data from a range of -8 to +4 degrees
was used for the second stage. The results, TCXX..., from the regression
analysis is presented below for each of the coefficients, CXX... , above.
0
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